Abstract. We prove that, analogous to the HK density function, (used for studying the Hilbert-Kunz multiplicity, the leading coefficient of the HK function), there exists a β-density function g R,m : [0, ∞) −→ R, where (R, m) is the homogeneous coordinate ring associated to the toric pair (X, D), such that
Introduction
Let R be a Noetherian ring of dimension d and prime characteristic p, and let I ⊂ R be an ideal such that ℓ(R/I) < ∞. Let M be a finitely generated R-module. Then the Hilbert-Kunz function of M with respect to I is defined by HK (M, I) 
where q = p n , the ideal I [HMM] ): Let R be an excellent normal Noetherian ring of dimension d and characteristic p and let I ⊂ R be an ideal such that ℓ(R/I) < ∞. Let M be a finitely generated R-module. Then there exists a real number β(M, I) such that HK(M, I)(n) = e HK (M, I) 
They also found a relation with the divisor class group. This invariant was further studied by Kurano in [Ku] and he proved there that β(M, I) = 0 if R is Q-Gorenstein ring and M is a Noetherian R-module of finite projective dimension. Later the above theorem of HunekeMcDermott-Monsky was generalised from normal rings to the rings satisfying (R 1 ) condition by Chan-Kurano in [CK] (also independently by Hochster-Yao in [HY] ). Later Bruns-Gubeladze in [BG] have proved that HK function is a quasi polynomial and gave another proof of the existence of the constant second coefficient β(R, m) for a normal affine monoid, In order to study e HK (R, I), when R is a standard graded ring (dim R ≥ 2) and I is a homogeneous ideal of finite colength, the second author (in [T2] ) has defined the notion of Hilbert-Kunz Density function, and obtained its relation with the HK multiplicity (stated in this paper as Theorem 2.2): The HK density function is a compactly supported continuous function f R,I : [0, ∞) −→ R ≥0 such that e HK (R, I) = ∞ 0 f R,I (x)dx.
Moreover there exists a sequence of functions {f n (R, I) : [0, ∞) −→ R ≥0 } n given by f n (R, I)(x) = 1 q d−1 ℓ(R/I [q] ) ⌊xq⌋ such that f n converges uniformly to f R,I . The existence of a uniformly converging sequence makes the density function a more refined invariant (compared to e HK ) in the graded situation, and a useful tool, e.g., in suggesting a simpler approach to the HK multiplicity in characteristic 0 (see [T4] ), in studying the asymptotic growth of e HK (R, m k ) as k → ∞ (see [T3] ). Applying the theory of HK density functions to projective toric varieties (denoted here as toric pairs (X, D)), one obtains (Theorem 6.3 of [MT] ) an algebraic characterization of the tiling propery of the associated polytopes P D (in the ambient lattice) in terms of such asymptotic behaviour of e HK .
In the light of Theorem 2.2, one can speculate whether there exists a similar 'β-density function' g R,m : [0, ∞) → R such that ∞ 0 g R,m (x) dx = β(R, I), which may similarly refine the β-invariant of [HMM] in the graded case.
We find that this is indeed true for a toric pair (X, D), i.e., X a projective toric variety over an algebraically closed field K of characteristic p > 0, with a very ample T -Cartier divisor D. Let R be the homogeneous coordinate ring of X, with respect to the embedding given by the very ample line bundle O X (D), and let m be the homogeneous maximal ideal of R. We also use the notation rVol d to denote the d-dimensional relative volume function (see Definition 7.1).
We construct such a β-density function g R,m as a limit of a 'uniformly' converging sequence of functions {g n : [0, ∞) −→ R} n∈N , which are given by (1.1) g n (λ) = 1 q d−2 ℓ(R/m [q] ) ⌊λq⌋ −f n (λ)q d−1 , wheref n (λ) = f R,m (⌊λq⌋/q) and f R,m denotes the HK density function for (R, m) . From the construction it follows that g n is a compactly supported function.
Recall that given a toric pair (X, D), of dimension d − 1, there is a convex lattice polytope P D , a convex polyhedral cone C D and a bounded body P D as in Notations 2.1 (such a bounded body was introduced by K. Eto (see [Et] ), in order to study the HK multiplicity for a toric ring, and he proved there that e HK is the relative volume of such a body). In [MT] , it was shown that the HK density function at λ is the relative volume of the {z = λ} slice of P D . Here we prove that β-density function at λ is expressible in terms of the relative volume of the {z = λ} slice of the boundary, ∂(P D ), of P D .
In this paper the following is the main result.
Main Theorem. Let (R, m) be the homogeneous coordinate ring of dimension d ≥ 3, associated to the toric pair (X, D). Then there exists a finite set v(P D ) ⊆ R ≥0 such that, for any compact set V ⊆ R ≥0 \ v(P D ), the sequence {g n | V } n converges uniformly to g R,m | V , where g R,m : R ≥0 \ v(P D ) −→ R is a continuous function given by
Moreover, for q = p n , we have As a consequnce we get the following Corollary 1.2. With the notations as above, we have
) 2 and the Hilbert-Kunz function of R with respect to the maximal ideal m is given by
Note that we can write
where # denotes the number of lattice points. We show in Section 3 that
, where P j and E jν are certain rational convex polytopes with proper intersections. Then by applying the theory of Ehrhart quasipolynomials and exhibiting that (in the case of a toric pair) the second coefficients of relevant Ehrhart quasi-polynomials are constant, we deduce that for x ∈ S = {m/p n | m, n ∈ N}\v(P D ), the sequence {g n (x)} n is convergent and converges pointwise to g R,m . However we still know neither the existence of lim n→∞ g n (x), for every x ∈ [0, ∞) (or for all x except at finite number of points), nor that this limit is a continuous function on the dense set S. On the other hand, for λ n := ⌊λq⌋/q ∈ S, we have
wherec(λ n ) involves coefficients of Ehrhart quasi-polynomials of facets of P j ∩ {z = λ n }. Therefore, to achieve a 'uniform convergence', we needed to prove the following:
Theorem 4.16 For a rational convex polytope P , where P λ := P ∩ {z = λ} and its Ehrhart quasi-polynomial is given by
there exist constantc i (P ) such that every |C i (P λ , q)| ≤c i (P ), for all qλ ∈ Z ≥0 and q = p n . We prove the result using the theory of lattice points in non-negative rational Minkowski sums. In fact we prove a general result about convex rational polytopes: Recall that, for rational convex polytopes P 1 , P 2 ⊂ R d with dim (P 1 + P 2 ) = d, a well known result of McMullen implies that the function Q(P 1 , P 2 ; −) :
such that (1) for some (τ 1 , τ 2 ) ∈ Q 2 >0 we have that p l1,l2 (r 1 , r 2 ) = p l1,l2 (r 1 + τ 1 , r 2 + τ 2 ), for every r = (r 1 , r 2 ) ∈ Q 2 ≥0 and (2) p l1,d−l1 (r) is independent of r. Here we prove:
Theorem 4.14 There exists a decomposition (0, 
In particular, for all r ∈ Q 2 >0 , there exist constants C l1,l2 such that |p l1,l2 (r)| ≤ C l1,l2 , and
The proof of Theorem 4.14 is a refinement of the proof of Theorem 1.3 of Henk-Linke ([HL] ), where they have proved (in our context) that the coefficients p l1,l2 (−, −) are polynomials on the interior of the 2-cells in R 2 , induced by the hyperplane arrangement (given by the support functions of P 1 and P 2 ). Since such cells do not cover R 2 (or (0, τ 1 ]×(0, τ 2 ]), and the complement contains line segements, the boundedness of the coefficients p l1,l2 (−, −) cannot be directly obtained from the result of [HL] .
Note that their result was proved for Minkowski sums of any finite number of polytopes, which can also be easily refined using similar methods (see Remark 4.15). The similar result for rational Ehrhart quasi-polynomial for a single polytope was in an earlier paper of Linke (see Theorem 1.2, Corollary 1.5 and Theorem 1.6 of [L] ). Now the uniform convergence of the sequence {g n | V } n∈N to g| V , for any compact set V of [0, ∞)\v(P D ) is straightforward. Using the fact that the HK density function f R,m is compactly supported, continuous and (in this toric case) is a piecewise polynomial function, we deduce that
This and the similar approximation of the integral of the function g R,m by the integrals of the functions g n , as in the result stated above, implies that g R,m (λ)dλ is the second coefficient of the HK function of (R, m). The paper is arranged as follows.
In Section 2, we recall Notations and known results about projective toric varieties, including a brief review of the density function, treated in detail in [MT] .
In Section 3 deals with the results about facets of the compact body P D , for a toric pair (X, D).
Section 4 is an independent section on rational convex polytopes. Here we study the coefficients of the (multivariate) rational Ehrhart quasi-polynomial and prove they take only finitely many polynomial values. Now, for a polytope P and P λ = P ∩{z = λ}, we relate the coefficients of the quasi polynomial i(P λ , n), for all λ ∈ R ≥ 0 such that λn ∈ Z, with the coefficients of a fixed rational Ehrhart quasi-polynomial of Minkowski sum of two polytopes. In particular, we get a uniform bound on the coefficients of such i(P λ , n), which is important for the proof in Section 5.
In Section 5 we present the main result about the β-density function. In Sections 6 we prove that the β -density function is a multiplicative function for Segre products of toric pairs. Here we also compute the β-density functions for (P 2 , −K), (F a , cD 1 + dD 2 ), where −K is the anticanonical divisor on P 2 , and where D 1 and D 2 are a natural basis for the T -Cartier divisors of the Hirzebruch surface F a .
Hilbert-Kunz density function on projective toric varieties
Throughout the paper we work over an algebraically closed field K with char p > 0 and follow the notations from [F] . Let N be a lattice (which is isomorphic to Z n ) and let M = Hom(N, Z) denote the dual lattice with a dual pairing , . Let T = Spec(K [M ] ) be the torus with character lattice M . Let X(∆) be a complete toric variety over K with fan ∆ ⊂ N R . We recall that the T -stable irreducible subvarieties of codimension 1 of X(∆) correspond to one dimensional cones (which are edges/rays of ∆) of ∆. If τ 1 , . . . , τ n denote the edges of the fan ∆, then these divisors are the orbit closures
and the induced embedding of X(∆) in P r−1 is given by
where 
where, the kernel I is generated by the binomials of the form
where a 1 , . . . , a r , b 1 , . . . , b r are nonnegative integers satisfying the equations
Note that due to this isomorphism, we can consider R = K [S] as a standard graded ring, where deg χ (ui,1) = 1. Throughout this section we use the following Notations 2.1.
(1) A toric pair (X, D) means X is a projective toric variety over a field K of charactersitic p > 0, with a very ample T -Cartier divisor D.
(2) The polytope P D or P X,D is the lattice polytope associated to the given toric pair (X, D) (as in (2.1)). (3) f R,m = HKd R,m is the HK density function of R with respect to the ideal m, where R is the associated graded ring with the graded maximal ideal m (as in (2.2)). (4) Let C D denote the convex rational polyhedral cone spanned by
Theorem 2.2. (Theorem 1.1 in [T2] ) Let R be a standard graded Noetherian ring of dimension d ≥ 2 over an algebraically closed field K of characteristic p > 0, and let I ⊂ R be a homogeneous ideal such that ℓ(R/I) < ∞. For n ∈ N and q = p n , let f n (R,
Then {f n (R, I)} n converges uniformly to a compactly supported continuous function
We recall Theorem (1.1) from [MT] : Theorem 2.3. Let (X, D) be a toric pair with associated ring (R, m), and P D , C D P D as in Notations 2.1. Then the Hilbert-Kunz density function of (R, m) is given by the sectional volume of P D , i.e.,
Moreover, f R,m is given by a piecewise polynomial function.
The boundary of P D
Recall that (Notations 2.1) associated to a given toric pair (X, D), we have a convex polytope P D , a convex polyherdral cone C D and a bouned set P D ⊂ R d . In [MT] , we had written a decomposition C D = ∪ j F j , where F ′ j s are d-dimensional cones such that, each P j := F j ∩ P D is a convex rational polytope and is a closure of P ′ j := F j ∩ P D . To study the boundary of P D we need a set of lemmas about the facets of P ′ j s. We also assume without loss of generality that d ≥ 3, as d = 2 corresponds to (P 1 , O P 1 (n)), for n ≥ 1, which is easy to handle directly. 
which is a convex set (Lemma 4.5 of [MT] ).
and P D = ∪ s j=1 P j , where P 1 , . . . , P s are distinct polytopes, whose interiors are disjoint.
Note that
Lemma 3.2. For each P j as in Notations 3.1, we have (1)
Proof.
(1) We only need to prove that
This proves Assertion (1).
(2) We leave this to the reader. This proves the lemma.
Lemma 3.3. For any facet F ∈ F (P j ) we have one and only one of the following possibilities:
(
Hence at least one of the sets,
, which is a contradiction. This implies (1) (ii) and hence the first assertion.
(2) We first prove the following Claim For any F j and for a facet
. Proof of the claim: Recall (see Lemma 4.5 of [MT] 
and B x2 of x 1 and x 2 respectively, which are contained in F j . Let L be the affine line through x 1 and x 2 . Now, the line segment of L with end points x
, passes through C u1 , which contradicts the convexity property of F j \ C u1 . Hence the claim.
Suppose
. This proves the second assertion and hence the lemma.
, that is, P i and P j meet along a common facet.
This proves the lemma.
Lemma 3.5.
for some P i = P j . Therefore P i \ V and P j \ V are nonempty open sets of P i and P j respectively. Hence we can choose an open set B d such that
Notations 3.6. In the rest of the paper, for a bounded set Q ⊂ R d and for n, m ∈ N, we define
where z is the d th coordinate function on R d .
Remark 3.7. From lemmas 3.2 and 4.13, it follows that
ji γi s, and l ≥ 2. Note that ǫ α ∈ {1, −1}, depending on α ∈ I 1 . Lemma 3.8. Let Q be a convex polytope such that Q ⊆ F , for some facet F ∈ F (P j ), where
at the most at one point.
(2) By Lemma 3.3, we have Q ⊆ A(F ), where F ∈ F (F j ) or ∈ F (C u ). Case (1) Let F be a facet of F j for some F j . Then F ⊆ H iu for some hyperplane H iu (as given in Notations 3.1) (5)) and A(Q) = A(F ) = H iu . Hence, for m ∈ Z, we have A(Q) ∩ {z = m} = H iu ∩ {z = m}, where it is easy to check that m(u,
This completes the proof of the lemma.
Ehrhart quasi-polynomial for rational convex polytope
In this section, we mainly deal with the Ehrhart's theory of lattice points inside rational convex polytopes. Recall that, if
, if all its vertices have integral (rational) coordinates.
Definition 4.1. For a rational polytope P , the smallest number ρ ∈ Q >0 such that ρP is an integral polytope is called the rational denominator of P , and is denote by τ (P ). Furthermore, the rational i-index τ i (P ) of P is the smallest number ρ ∈ Q >0 such that for each i-dimensional face F of P the affine space ρ A(F ) contains integral points. Here A(F ) denotes the affine hull of F .
The following classical result is due to Ehrhart([Eh] ) and McMullen( [M] ).
is a quasi-polynomial of degree dim P , i.e., for every i, the coefficient C i (P, n) is periodic in n of period τ i (P ), and C dim P (P, n) is not identically zero (in fact is = rVol dim P (P ), if A(P ) contains an integral point).
Moreover if P • denotes the interior of P in the affine span of P , then i(P
Here note that, since i(P, n) is a quasi-polynomial, it can be defined for all n ∈ Z.
McMullen has generalised Theorem 4.2 for the rational Minkowski sum of finitely many polytopes P 1 , . . . , P k ⊂ R d . Throughout this section we use the following notations and definition from the literature. (
The Hadamard product r ⊙ s of two rational vectors r, s ∈ Q k is the coordinate-wise product r ⊙ s = (r 1 s 1 , . . . , r k s k ).
With these notations McMullen's result (see comments on page 2 of [HL] ) on the Ehrhart quasi polynomial of a Minkowski sum of rational polytopes can be stated as follows.
is a rational quasi-polynomial of degree dim(P 1 + · · · + P k ) with period τ = (τ (P 1 ), . . . , τ (P k )), i.e., Q(P 1 , . . . , P k , r) = |l|≤d p l (r)r l , where p l : Q k ≥0 → Q is a periodic function with period τ i = τ (P i ) in the i-th argument, i = 1, . . . , k, and p l (r) is non-zero positive constant for some l ∈ Z k ≥0 with |l| = dim(P 1 + · · · + P k ). Proof. See [M] , Theorem 7.
Definition 4.5. Q(P 1 , . . . , P k , −) is called the rational Ehrhart quasi-polynomial of P 1 , . . . , P k , and the l -th coefficient of Q(P 1 , . . . , P k , −) is denoted by Q l (P 1 , . . . , P k , −).
In 2011, Linke has proved (see Theorem 1.2, Corollary 1.5 and Theorem 1.6 of [L] ) the following result about the coefficients of rational Ehrhart quasi-polynomial of a rational polytope. Theorem 4.6. Let P ⊂ R d be a rational polytope of dimension d with rational Ehrhart quasipolynomial
Then (1) there exist 0 = r 0 < r 1 < · · · < r l = τ (P ), such that C i (P, −) is a polynomial of degree d−i on (r m−1 , r m ), for each m = 1, . . . , l and i = 0, . . . , d. (2) The reciprocity theorem is true for rational dilates and for all dimension, i.e. for all r ∈ Q ≥0 , i(P, r) = (−1) dim(P ) i(P, −r). In particular C d (P, r) = Vol d (P ), for all r ∈ Q >0 , and, in addition, if
Later, the above theorem was generalised for Minkowski sum of polytopes by Henk and Linke in their paper [HL] (Theorem 1.3) .
We recall briefly some important points relevant to the statement of Theorem 1.3 of [HL] .
is called a supporting hyperplane of P . If P is full dimensional, i.e., dim(P ) = d, then each facet F of P is given by a unique supporting hyperplane
where the intersection runs over all facets F of P . We call a F /||a F || the outer unit normal of the facet F of P . Let P 1 , . . . , P k ⊂ R d be rational polytopes with dim(
, be the outer normals of the facets of the rational polytope P 1 + . . . + P k . Observe that for all r ∈ R k >0 the facets of the polytope r 1 P 1 + . . . + r k P k have the same outer normals v 1 , . . . , v m . For details about support function and face decomposition of Minkowski sum, see [Sc] . Now,
is a constant function on the interior of the k-dimensional cells induced by the hyperplane arrangement
Let S be the interior of a fixed k-dimensional cell given by this section. Then Q(P 1 , . . . , P k , −) is constant on S.
The result of Henk-Linke (Theorem 1.3) can be stated as follows Here we consider the case with k = 2. By Theorem 4.4, Q(P 1 , P 2 , −) is a quasi-polynomial of degree dim(P 1 + P 2 ) with period τ = (τ 1 , τ 2 ). The hyperplane arrangement in (4.1) can be rewritten as
and Q(P 1 , P 2 , −) is constant on each open 2-cell in the complement of these lines.
Notations 4.8.
(1) For z ∈ Z d , and 1 ≤ j ≤ m, we denote the line
Similarly one defines L j (z) − and L j (z) −• for z ∈ Z d and for j = 1, . . . , s. 
is a discrete set of points and
is the set of open intervals. In particular, for any I ∈Ĩ P , there exists a unique line
. Definition 4.9. For given I ∈Ĩ P , we associate (the unique) S I ∈C P as follows: By definition I ⊂ L j (z), for a unique line L j (z) (as in Notation 4.8) in R 2 . Then S I is the unique cell inC P such that I ⊂ S I , the closure of
Lemma 4.10. Given (I, S I ) ∈Ĩ P ×C P , we have
Proof. It is easy to check.
Lemma 4.11. Given S ∈C P , Q(P 1 , P 2 , s) = constant for all s ∈ S. Given (I, S I ) ∈Ĩ P ×C P Q(P 1 , P 2 , s) = constant for all s ∈ S I ∪ I.
Lemma 4.12. Let u = (u 1 , u 2 ) ∈ Z 2 ≥0 and let T = (0 × τ 1 ] × (0 × τ 2 ] be as in Notations 4.8. Then, for given
(1) S ∈C P , we have Q(P 1 , P 2 , s) = constant, for all s ∈ S ∩ T + u ⊙ τ and, for given (2) (I, S I ) ∈Ĩ P ×C P , we have Q(P 1 , P 2 , s) = constant, for all s ∈ (S I ∪ I) ∩ T + u ⊙ τ.
Proof. For (u 1 , u 2 ) ∈ Z 2 ≥0 , the polytope u 1 τ 1 P 1 + u 2 τ 2 P 2 is an integral polytope. Therefore, for every facet F j of (this polytope) with the outer normal v j , we can choosez j ∈ F j ∩ Z d such that h(u 1 τ 1 P 1 + u 2 τ 2 P 2 , v j ) = z j , v j . Now, it is easy check that, for every 1 ≤ j ≤ m,
A given S ∈C P can be written as
is one of the lines in the hyperplane arrangement 4.1. This implies
Therefore, by Lemma 4.11,
This proves Assertion (1). Note that I ∈Ĩ P if and only if I ⊂ L j0 (z 0 ), some 1 ≤ j 0 ≤ m and z 0 ∈ Z d , such that I is a connected component of
. This implies that I + u ⊙ τ is a connected component of
One can easily check (from Lemma 4.10) that
In the proof of the next Lemma, we imitate the arguments given in the proof of Lemma 2.2 and Lemma 2.3 of [HL] . such that (1) p l1,l2 (r) ∈ Q is constant for all (l 1 , l 2 ) ∈ Z 2 ≥0 with l 1 + l 2 = n, and for every r ∈ Q 2 >0 , (2) p l1,l2 : Q 2 >0 −→ Q are periodic functions with period τ = (τ 1 , τ 2 ) for all (l 1 , l 2 ) ∈ Z 2 ≥0 with l 1 + l 2 < n. Let E ⊆ R 2 >0 be a subset of R 2 , such that, for every u ∈ Z 2 ≥0 , there exists c u ∈ Q with (4.5)
Then for all (l 1 , l 2 ) ∈ Z 2 ≥0 with l 1 + l 2 ≤ n, the coefficient function p l1,l2 : E ∩ Q 2 >0 −→ Q is a polynomial of degree atmost n − (l 1 + l 2 ).
Proof. We prove the lemma by induction on deg p = n. For n = 1 and for r ∈ E ∩ Q 2 , we have c 0 = p(r) = p 0,0 (r) + p (1,0) (r)r 1 + p (0,1) (r)r 2 .
Now let n ≥ 2. Let q(r) = p(r + e 2 ⊙ τ ) − p(r) = p(r 1 , r 2 + τ 2 ) − p(r 1 , r 2 ). Then, for r ∈ E ∩ Q 2 >0 , and u ∈ Z 2 ≥0 , we have
Next we show that q is a quasi-polynomial of degree n − 1 and of period τ with constant leading coefficients. Now, for every r ∈ Q 2 ≥0 q(r) = p(r 1 , r 2 + τ 2 ) − p(r 1 , r 2 )
and c i (l 1 , l 2 ) are positive constants. Therefore q l1,l2 : Q 2 >0 −→ Q are periodic functions with period (τ 1 , τ 2 ) and, for every r ∈ Q 2 >0 , q l1,n−1−l1 (r) = p l1,n−l1 (r)c 1 (l 1 , l 2 ) = C l1 = a constant, for every 0 ≤ l 1 ≤ n − 1. Therefore, by induction hypothesis, q l1,l2 :
≥0 such that l 1 + l 2 ≤ n − 1. By (4.6) and descending induction on (l 1 , l 2 ), we deduce that p l1,l2+1 (r) : E ∩ Q 2 −→ Q is a polynomial of degree atmost n − (l 1 + l 2 + 1). Similarly, by considering the function q ′ (r 1 , r 2 ) = p(r 1 + τ 1 , r 2 ) − p(r 1 , r 2 ) , we deduce that p l1+1,l2 (r) : E −→ Q is a polynomial of degree atmost n − (l 1 + l 2 + 1). Now, the function p 0,0 :
ane hence p 0,0 : E ∩ Q 2 >0 −→ Q is a polynomial of degree atmost n. This completes the proof of the lemma Theorem 4.14. Let P 1 , P 2 ⊂ R d be rational convex polytopes such that dim (P 1 + P 2 ) = d. Let Q(P 1 , P 2 ; −) : Q 2 ≥0 −→ Q be the rational quasi-polynomial of degree d, given by
Then there is a finite setS consisting of locally closed, bounded subsets of R 2 >0 , and a finite set of polynomials
,l2 (r), for every r ∈ U ∈S. (2) In particular, there exist nonnegative constants C l1,l2 such that for all r ∈ Q 2 >0 , |p l1,l2 (r)| ≤ C l1,l2 , and
Since T 0 is a discrete set of points, the set T 0 ∩ T = a finite set of points.
By Lemmas 4.12 and 4.13, for every U ∈S there is a set of polynomials,
,l2 (r), for every r ∈ U . Now since each p l1,l2 : Q 2 >0 −→ Q is a periodic function of period τ = (τ 1 , τ 2 ), we can choose C l1,l2 = max{|f U l1,l2 (r)| | r ∈ U, U ∈S}. This proves the theorem. Remark 4.15. Theorem 4.14 can be generalised to the Minkowski sum of any finite number of polytopes, say P 1 , P 2 , . . . , P n in R d where dim (P 1 + · · · + P n ) = d: For this we express R d >0
as the disjoint union of locally closed sets, namely
whereC k denotes the set of k-cells obtained by the hyperplane arrangements as given in (4.1). Now, given any I ∈C k there exists a unique cell S I ∈C n such that I ⊆ S I , the closure of S I in R d >0 , and
. Now one can check that Q(P 1 , . . . , P n , s) = constant for all s ∈ S I ∪ I and hence the proof follows imitating the rest of the arguments.
Theorem 4.16. Let P be a convex rational polytope in
be the Ehrhart quasi-polynomial for
Proof. We say a polytope P satisfies (⋆) condition if all the vertices of P lie in the union of two hyperplanes {z = a 1 } ∪ {z = a 2 }, for some rational numbers a 1 < a 2 .
First we prove the theorem for P with the additional (⋆) condition. Let P 1 = P ∩ {z = a 1 } and P 2 = P ∩ {z = a 2 }. Then a 1 ) , . . . , (v m , a 1 )} and P 2 = convex hull{(w 1 , a 2 ), . . . , (w n , a 2 )}, for a set of some rational points {v i , w j } i,j ⊂ R d−1 . Note that, for λ ∈ [a 1 , a 2 ], there is a decomposition as a Minkowski sum
LetP 1 = convex hull of {v 1 , . . . , v m } andP 2 = convex hull {w 1 , . . . , w n }. Note that dim (P 1 +P 2 ) = d − 1, as there exists an isomtric mapP 1 +P 2 −→ P 1 + P 2 given by
and therefore dim (P 1 + P 2 ) = dim (2(P ∩ {z = a 1 + a 2 /2})) = d − 1. Hence, by Theorem 4.14, we have
where, there exist constants C l1,l2 and C l1 such that |p l1,l2 (r)| ≤ C l1,l2 and p l1,d−1−l1 (r) = C l1 for all r ∈ Q 2 >0 . If λn ∈ Z >0 , then one can check that
Therefore, by (4.7),
where
Now a 1 < λ < a 2 and n ∈ Z >0 implies (r λ n, r ′ λ n) ∈ Q 2 >0 and therefore, by Theroem 4.14 and Theorem 4.6, there exist constants c ′ i (P ) and c
.1 for a discussion of the relative volume rVol d−1 ).
Nowc i (P ) := max{c ′ i (P ), C i (P a1 , n), C i (P a2 , n)}, is finite, by the theory of Ehrhart polynomials for the rational polytopes P a1 and P a2 . Moreover,
This proves the theorem for a rational polytope P which satisfies the condition (⋆). Consider the projection map π : R d −→ R to the last coordinate. Let b 1 < b 2 < · · · < b l , where b i are the images of the vertices of the polytope P . Now P bm+1 bm := P ∩ {b m ≤ z ≤ b m+1 } satisfy the condition (⋆). Hence the proof of the theorem follows by taking
Main theorem
We now resume the study of Eto's set P D , and the decompositions P D = ∪ s j=1 P ′ j and P D = ∪ s j=1 P j , as discussed in Section 3. We will make use of properties of relative volumes, recalled below in the appendix (see Lemmas 7.2 and 7.3).
Notations 5.1.
(1) F (Q) = {the facets of Q} and v(Q) = {the vertices of Q}, where Q is a convex polytope. (2) Let v(P D ) := ∪ s j=1 π(v(P j )), where π : R d −→ R is the projection map given by projecting to the last coordinate z and the set π(v(P j )) = {ρ j1 , . . . , ρ jm }, with
Lemma 5.2. Let P j be a convex polytope as given in Notations 3.1 (8). Let
be the Ehrhart quasi-polynomial for P jλ = P j ∩ {z = λ}, for λ ∈ R ≥0 . Then for λ ∈ S and qλ ∈ Z, we have
Proof. Let λ = m 0 /q 0 then qλ ∈ Z implies q ≥ q 0 .
(1) By Theorem 1.1 of [MT] , for any λ ∈ R, we have f R,m (λ) = Vol d−1 (P D ∩ {z = λ}). Also, by the proof of Theorem 1.1 of [MT] (see the proof of the claim there), we have
(2) Case (a): If λ ∈ (ρ j1 , ρ jm j ), where {ρ j1 , . . . , ρ jm j } = π(v(P j )) (as in Notations 5.1) then dim P jλ = d − 1. Note that the set of facets of P jλ
By Lemma 3.8 (3), for any
(2) Case (b): For λ ∈ [ρ j1 , ρ jm j ] we know i(P jλ , q) = 0, for all q. (3) follows by Theorem 4.16. This proves the lemma.
Lemma 5.3. Let Q α = P i ∩ P j or E jν (as in Notations 3.1 and Remark 3.7), where
i=0 C i (Q αλ , n)n i be the Ehrhart quasi-polynomial for Q αλ = Q α ∩ {z = λ} where λ ∈ Q ≥0 . Then, for λ ∈ S and qλ ∈ Z ≥0 , we have
Proof. Let λ = m 0 /q 0 and let q ≥ q 0 .
(1) Case (a):
(1) Case (b): Let dim Q αλ < d − 2. By Lemma 7.3, for a convex rational polytope Q α , there exists a constant
. This proves the first assertion.
(2) if dim Q α = d − 1 then by Lemma 7.2, there exists a map ϕ α :
Hence Assertion 2 (a) follows from Theorem 4.16. If dim
Without loss of generality we can assume that dim Q α ≥ 1. Since Q α is tranversal to the hyperplane {z = 0}, we have dim Q αλ < dim Q α , for all λ. Hence, by Lemma 7.3, we have Assertion (2) (b). This completes the proof of the lemma.
Hence the proof follows by Lemma 7.3.
Definition 5.5. For a pair (R, m), where R is a standard graded ring of dimension d, we define (1) a sequence of functions g n : [0, ∞) −→ R, given by
where f R,m is the HK density function for (R, m) (see Theorem 2.2) and f n (λ) := f R,m ( ⌊λq⌋ q ). (2) We also define the β density function g R,m : [0, ∞) −→ R, given by
where P j and v(P D ) are as in Notations 3.1 and in Notations 5.1 and F λ = F ∩ {z = λ}. Hence, by Lemma 3.5 (2),
Remark 5.6. By Lemma 7.2, for a facet F of P j , there exists an invertible affine transformation
. Therefore, by Theorem 2.3 of [MT] , the function
Thus the function g R,m is a compactly supported function and is continuous outside the finite set v(P D ). Moreover, by Lemma 3.4 of [MT] , g R,m is a piecewise polynomial function.
Lemma 5.7. Let (R, m) denote the ring associated to a given toric pair (X, ∆) (as in Notations 2.1) of dimension d − 1 ≥ 1. If λ ∈ R ≥0 and q = p n ∈ N are such that λ n := ⌊λq⌋/q ∈ S then there exists a constantC PD such that
Proof. For a polytope P , we have i(P, q, λ n q) = i(P λn , q) and ℓ(R/m [q] ) λnq = i((P D ) λn , q), where, by Remark 3.7 (3.3), we have
Now, by Lemma 5.2, for 1 ≤ j ≤ s, we have
where F ∈ F (P j ) and |c j (λ n )| ≤c j , for some constant c j independent of λ n . Hence, by Lemma 5.2,
and by Lemma 5.3,
Now, by Lemmas 5.3 and 5.4, we have
where |c(λ n )| ≤C PD . Hence g n (λ) = g R,m (λ n ) +c(λ n )/q, where |c(λ n )| ≤C PD . This implies the lemma.
Remark 5.8. By construction it follows that Support(g R,m ) ∪ n Support(g n ) ⊆ π(P D ), which is a compact set and where π : R d → R is the projection map as in Notations 5.1 (2).
Lemma 5.9. The function g R,m is a compactly supported funtion and is continuous on
Proof. By Remark 5.6, the function g R,m is a compactly supported funtion and is continuous outside v(P D ).
(1) Let us fix a compact set
, where f R,m | (bi,bi+1) = P i , for some polynomial function P i . We choose q 0 = p n0 such that
where C i is a constant determined by P i and is independent of q. By Lemma 5.7, we have |g n (λ)−g R,m (λ)| ≤ C i /q+C PD /q, for all λ ∈ V ∩(b i , b i+1 ) and q ≥ q 0 . Hence |g n (λ)−g R,m (λ)| ≤ c 0 /q, for alll λ ∈ V and q ≥ q 0 . This proves part (1) of the lemma.
]. Now, arguing as above one can deduce that there is a constant c 0 such that
Note that all the functions g n and g are bounded with support in
The same assertion follows for q < q 0 , by the boundedness of g and g n . This proves the part (2) of the lemma and hence the lemma. 
Proof. We assume the following claim for the moment.
Now, since f is a compactly supported piecewise polynomial continuous function, there exist 0 = b 0 < b 1 < . . . < b ν+1 and polynomials P 0 (x), . . . ,
where (P i ) n (x) = P i (⌊qx⌋/q). Therefore, by the above claim
Proof of the claim: We can assume without loss of generality that P (x) = x l , for some l ≥ 1. Note that there is q 0 = p n0 such that, for any q ≥ q 0 , there is l 0 such that l 0 /q ≤ A < (l 0 + 1)/q.
This proves the claim and hence the lemma.
Proof of the Main Theorem: Now the proof follows by putting together Definition 5.5 (5.2), Lemma 5.9 and taking f = f R,m in Lemma 5.10.
Proof of Corollary 1.2: Let g R,m and g n denote the function as given in Definition 5.5. The formula for the integral of g R,m follows from the definition of g R,m and Fubini's theorem. For q = p n and for the functionf n given byf n (x) = f R,m (⌊qx⌋/q), we have
By Lemma 5.10,
hence by Theorem 1.1 of [T2] and part (2) of Lemma 5.9,
This gives the corollary.
Remark 5.11. Since ∂P D and ∂P D ∩ ∂C D consist of rational d − 1 dimensional convex polytopes, the number β(R, m) (the volume of the integral) is a rational number and also is independent of the characteristic. We note that the above arguement gives a direct proof of the result of [HMM] in our particular situation, for the graded ring R. However the assertion that β(R, m) is a constant and rational has been proved earlier by Bruns-Gubeladze in [BG] , for any normal affine monoid. It is an interesting problem to extend the computations here to the case of R-modules, and to determine the homomorphism Cl(R) −→ R of [HMM] in this toric case.
6. some properties and examples Definition 6.1. Let R be a Noetherian standard graded ring of dimension d ≥ 2 with the maximal homogeneous ideal m. Let ℓ(R n ) = e0(R,m)
the Hilbert polynomial of (R, m). We define the Hilbert density function
Similarly we can define the second Hilbert density function G R : [0, ∞) −→ R as
Remark 6.2. Let R and S be two Noetherian standard graded rings over an algebraically closed field K of dimension d ≥ 2 and d ′ ≥ 2 with homogenous maximal ideals m and n, respectively. Then, using the Kunneth formula for sheaf cohomology, it is easy to seẽ
Hence we have
Proposition 6.3. Let (R, m) and (S, n) be two Noetherian standard graded rings over an algebraically closed field K (of characteristic p > 0) of dimension d ≥ 2 and d ′ ≥ 2, associated to the toric pairs (X, D) and (Y, D ′ ), resply. Then we have,
Here the functions g R,m and g S,n denote the β-density functions for the pairs (R, m) and (S, n) respectively. The function g R#S,m#n denotes the β-density function for the pair (R#S, m#n).
Proof. Let λ ∈ [0, ∞). For n ∈ N and q = p n , we write m = ⌊qλ⌋. then, for the Noetherian standard graded ring R#S with homogenous maximal ideal m#n, we have
By Proposition 2.17, [T2] , we have
We have
In the following we use results from [T1] to calculate {f n (R, m)} and f R,m in order to describe the β-density function. One can also use the computations from Example 7.2 of [MT] . If c ≥ d then f R,m (q) = ( * ), where 
Appendix
We recall the following notion of relative volume for a convex polytope, given by R. Stanley (see page 238 in [St])). th coordinate we get λ 0 = n and therefore y ∈ V 0 + nz 1 . (b) Let y ∈ V n = V 0 + nz 1 . Then y = ( i λ i x i ) + nz 1 . This implies ϕ(V n ) = i Rϕ(x i ) + Rϕ(z 1 ) ⊆ ϕ(A(F )) ∩ {π ϕ (ϕ(z 1 )) = n}. This proves the claim.
Since ϕ(V n ) = ( i Rϕ(x i )) + nϕ(z 1 ) and (F ) ) ∩ {π ϕ (ϕ(z 1 )) = n}]. This proves the lemma.
Lemma 7.3. If Q is a convex rational polytope in R d and Q λ = Q ∩ {z = λ}, for λ ∈ R then there is a constant C Q (independent of λ) such that i(Q λ , n) = c λ (n)n dim Q λ with |c λ (n)| ≤ C Q .
Proof. For λ ∈ R, let d λ = dim Q λ . Let P λ be an integral d λ -dimensional cube with length of each side = c λ and Q λ ⊆ P λ . Then i(Q λ , n) ≤ i(P λ , n) ≤ c 
